Weak forms of the second-order Pierce wave operator and of third-order Pridmore-Brown wave operator are discretized in frequency-domain by using a standard Galerkin approach and verified against model problems of practical interest, for which analytical or numerical reference solutions are available. The weak form of the Pridmore-Brown operator, on which the Lilley's equation is based, constitutes an original contribution of this paper. The well known effects of two modelling errors associated with the second order operator are highlighted: a refraction error in the presence of sheared flows and a Kutta-condition error in the presence of an edge. The application of these wave models to the solution of a realistic aero-engine aft noise radiation problem, for which no one of the wave models is in principium appropriate, reveals an appreciable influence of the model only in the backward radiation arc.
Introduction
The solution of wave equations in frequency domain for sound propagation in non-uniform flows is an established practise for both research and industrial scopes. The main drawbacks of the frequency domain approach are the large amount of core memory required to solve the resulting linear system, especially if direct solvers are used, and the large computational time to reach convergence if iterative solvers are used. These two elements constitutes a serious limitation to achieve realistic Helmholtz numbers, also in 2D cases, when a system of 1st order governing equations is solved, e.g. the Linearized Euler Equations (LEE), instead of a scalar second-order equation. The main goal of the present paper is to show that, even in the case of significantly non-uniform flows, which would require the solution of LEE, classical FEM solutions of second-order wave equations achieve acceptable accuracy for practical scopes. Moreover, a novel weak formulation of the Lilley's equation, cast in the form of a system of two equations, is presented as an economic and viable alternative to LEE for quasi-parallel flows (jet-like, ducted). A similar idea was followed in the past by the author [1] , motivated by the conviction that a pressure based third-order wave equation can be applied to compute sound radiation form turbofan bypass exhausts [2] . In this paper a FEM discretization of the Lilley's equation is developed and verified. The addressed benchmark cases, for which the third-order wave equation provides reference numerical solutions, show the effect of the modelling errors occurring when a second-order wave equation is used, in particular, a refraction error in the presence of a sheared flow that, in the case of a vortex sheet, consists in a violation of the continuity of the particle displacement across the sheet, and a Kutta condition error in the presence of an edge and flow, due to the discontinuity of the acoustic pressure about the edge and across the wake. Finally, the application of the two wave equations to compute the noise radiated from a realistic aero-engine bypass c 2010 Published by Elsevier Ltd. p duct configuration, for which also the third-order wave model is not appropriate, shows a significant effect of the wave model only in the backward radiation arc, but the associated incertitude seems to be acceptable for practical scopes.
The paper is organized as follows. In section 2 the governing equations are presented and their weak form is derived in section 3, with few details about the discretization that is not in the scopes of the paper. In section 4 the verification procedure already followed in the past by the author for the wave-based unstructured finite difference method GFD is presented, and an applicative example of sound radiation from a turbofan bypass exhaust is illustrated in section 5. Finally the main conclusions of the present study are drawn in section 6.
Wave Equations
This section presents the wave equations employed in this study, obtained by splitting the flow variables into time-average quantities (pressure p 0 , density ρ 0 , sound speed c 0 , velocity U and vorticity Ω) and fluctuating quantities (pressure p , velocity u' and vorticity ω ), and casted in the form of acoustic analogy equations with non-linear source terms at right hand side. Since the focus of this study is only on wave propagation effects, the source terms are reported only for clarity and completeness issues. In frequency domain, dimensionless mean flow quantities are introduced and denoted by·, referred to the ambient speed of sound c a , pressure p a , density ρ a and temperature T a . For the practical convenience of code developers, a mixed vectorial/Einstein notation is used. Vectors are denoted with bold symbols and unit vectors with·. The −i ωt convention is used and the symbol of Fourier component is omitted. The substantial derivative D 0 /D t = ∂/∂t+U·∇ in frequency domain is denoted as D = −i k+Ũ·∇. Finally, the equations are factorized in the acoustic wavenumber k = ω/c a . All the other symbols are described throughout the text.
Howe's Equation
Considering a compressible inviscid perfect homentropic gas mean flow and by rearranging the continuity equation and the linear momentum equation in the form of Crocco's equation, Howe [3] obtained an acoustic analogy equation for the stagnation enthalpy B that takes the following linearized form:
In the linear propagation field, the stagnation enthalpy fluctuation is related to the acoustic pressure by the following relationship:
The frequency-domain counterparts of Eqs. 1 and 2 read:
The propagation kernel of Eq. 1 is the same as the one obtained by Pierce [4] for acoustic potential fluctuations φ superimposed to a rotation mean flow under the assumption of slowly varying mean flow over the length and time scale of the sound waves (high-frequency limit). Since out of the source region the flow is typically irrotational, it results from Crocco's equation that B = i kc a φ . Hence it is straightforward to demonstrate that the Howe's and Pierce's equations yield the same acoustic pressure solution out of the source region, also in the case of a uniformly convected free stream, provided that consistent source terms are specified.
Lilley's Equation
By rearranging the mass and linear momentum conservation equations in a compressible fluid, neglecting viscous effects and assuming a unidirectional transversely sheared mean flow, Lilley [5] obtained a third-order acoustic analogy equation in which the Pridmore-Brown wave operator acts on the logarithmic pressure. More recently, Goldstein [6] obtained a similar equation by using as independent variable the quantity π = (p/p 0 ) 1/γ −1. In the linear perturbation limit π → p / (γp 0 ) , and the Goldstein equation takes a form similar to the Lilley's equation, but with a physically meaningful source term accounting for a quadrupole source, whose strength is quadratic in the fluctuating velocities, and a dipole source, whose strength is proportional to the temperature fluctuations. For the purposes of the present analysis, the Goldstein equation is split into a system of two equations by introducing the auxiliary unknown R, the parallel mean flow condition is dropped and the independent acoustic variable is π = p / ρT . Hence the modified Lilley's equation takes the following form:
with
Making use of the following vectorial relation
and moving to the frequency domain, the following form of the Lilley's equation results:
where
Weak Formulation and Discretization
In this section weak formulations are derived for the second-and third-order wave equations, following the classical approach of multiplying the equation for a test function W 0 and integrating over the volume. Thanks to the divergence form in which all the second-order derivatives of the acoustic variables have been put in Eqs. 3 and 7, integrating by parts allows to transfer one of the gradient operator to the test function (W 1 = ∇W 0 ). Finally use of the Gauss theorem is made and the resulting surface integrals are computed by assuming that the unit normal vector n is directed from the surface to the computational domain. Since the numerical aspects are not in the scopes of the present study, only a short description of the FEM model and boundary conditions is drawn at the end of this section.
Howe's Equation
Multiplying Eq. 3 for W 0 and integrating yields:
Then, integrating by parts and making use of the Gauss theorem, leads to the following weak form:
The normal derivative of B in the first surface integral accounts for the boundary conditions of the problem. By supposing that the flow is irrotational at the boundaries of the computational domain (B = i kc a φ ) the same boundary condition used for the Pierce's wave equation can be applied. In particular, for hard solid surfaces one may impose a vanishing normal derivative of B , while for solid surfaces with a local dimensionless admittanceÃ, use of the Eversman [7] formulation of the Myers' boundary condition [8] can be made in order to incorporate the boundary condition into the governing equation by writing:
Lilley's Equation
Multiplying Eq. 7 for W 0 , integrating by parts and using the Gauss theorem leads to the following weak form of the Lilley's equation:
where σ =n i ∇Ũ i and
Interestingly, only conditions for the normal derivative of π have to be specified on the boundaries, and no conditions are required for the auxiliary variable R. The Myers' boundary condition can be forced into the first equation through Eq. 12 applied to π .
FEM model
The FEM discretization employed is based on the standard Galerkin formulation put forward by Astley & Eversman [9] . Isoparametric elements are employed and, in each element, the shape functions are computed by inverting the element matrix. Both volume and surface integrations are carried out using a Gaussian quadrature, and the mean flow quantities and their derivatives are computed at each Gaussian node through the same polynomial basis of the element, using the nodal values projected from the CFD solution. The treatment of the boundary conditions consists in adding to the unknowns vector the normal derivatives of the acoustic variables at all the boundary nodes (not on Dirichlet and impedance nodes). Then a boundary condition matrix is computed separately from the field matrix and can be also computed through a Boundary Element Method for both far-field conditions and vibro-acoustical analyses. The final linear system is assembled for the specific value of k and solved for a multi right-hand-side. Concerning the boundary conditions employed in this study, it is worthwhile to mention that a FEM implementation of the standard Perfectly Matched Layer (PML) approach put forward by Berenger [10] is used, consisting in applying the following change of variables to the shape functions of the first-order derivatives and to the corresponding first-order test functions: ∂/∂x i → α(x i ) ∂/∂x i , with α(x i ) = 1/ (1 + i σ i ) and σ i denoting the PML damping along the x i direction. In order to ensure a smoother transition from the physical domain to the PML buffers, the damping factor σ is increased from zero to a maximum value at the external boundary with quadratic law. The volume integration is then transformed consistently using dv → i (1 + i σ i ) dv. The PML is used to attenuate spurious reflection at the far-field boundaries, but also to force an acoustic wave (e.g. a spinning duct mode) into the computational domain through a splitting technique [2] .
Benchmark Results
In this section three benchmark problems are solved with the twofold goal of verifying the numerical implementation of the different wave models, and showing the limits of applicability of a second-order wave model in the case of strongly varying flows. All the reported results are grid independent results and the only reported information about the numerical model are the mesh properties (size and number of points) and the type of employed FEM element (simple or serendipity). In addition, since the direct linear system solver MUMPS [11] has been used, no convergence error is expected. All the computation and post-processing have been carried out using the same version of the FEM code Opty∂B.
Sound Scattering by a Taylor Vortex
The first model problem considered is the scattering of a plane wave due to a Taylor vortex of unitary core size defined as: 
The scattering of a plane wave propagating along the positive x direction is computed for three values of Mmax and λ. Results are presented by plotting the normalized root mean square pressure level of the scattered wave at constant scaled distance r/λ = 2.5 from the vortex center. The computational mesh extends from −5λ to 5λ along x and y and consists of 549 × 549 8−points serendipity quad elements. The observation angle is oriented counterclockwise away from the x direction. The same test case has been used in Ref. [1] to verify the Green's Function Discretization (GFD) of the Pridmore-Brown wave operator. The FEM implementation of the Lilley's equation (13) for such a two-dimensional radially sheared mean flow is verified by comparing the present CAA results against the high-order Navier-Stokes results obtained by Colonius et al. [12] for the case M max = 0.125 and λ = 4. As shown in Fig. (1) (top-left) , the agreement of the Opty∂B-Lilley results with the reference solution is quite good and similar to the one reported in Ref. [1] .
Using the Opty∂B-Lilley results as reference solution, the comparison with the Opty∂B-Howe results reveals that the second-order wave model fails to predict the scattered peak levels and radial distributions at this value of the frequency. The radial noise distribution is better and better predicted at higher frequencies, as expected for a secondorder wave model. For λ = 0.5, corresponding to a half of the vortex core radius, the second-and third-order results practically collapse for the two values of the Mach number.
Sound Refraction through a Jet Flow
The second model problem considered is the refraction of a monopole source in a high Mach number isobaric Gaussian jet for which an analytical solution has been obtained by Agarwal et al. [13] . The jet velocity profile and corresponding Crocco-Busemann density profile read: The computational mesh extends from −150 to 150 along x and from −50 to 50 along y and consists of 599 × 599 quad elements (lengths expressed in meters). The numerical results are compared to available reference results along the line −50 ≤ x ≤ 150 and y = 15. The real part of the acoustic pressure is plotted in Fig. (2) . On the left, the comparison with the analytical solution shows a fairly good agreement. On the right, the comparison between the solutions of the three wave models reveal that the second-order wave models fails to predict the correct phase downstream the source, while the noise levels are affected by a significant error throughout the computational domain. It is however worthwhile to remark that the applicability of a second-order wave model to a high speed jet will depend in general on the ratio between the acoustic wavelength and the mean flow non-uniformity scale.
Sound Radiation from a Bypass Duct
The third model problem considered is the radiation from an idealized bypass duct configuration consisting in a semi-infinite unflanged annular duct with an infinite centerbody, supporting a piecewise constant mean flow. A Wiener-Hopf solution has been obtained by Gabard & Astley [14] for a hard-wall centerbody and by Demir & Rienstra [15] for a lined centerbody. The hard-wall solution has been already used in Ref. [2] to verify GFD solutions of the Lilley's equation. In this paper two cases extracted from Refs. [14] and [15] are used to verify the FEM solution of the Lilley's equation and the implementation of the impedance wall condition. In addition, solutions obtained using the Howe's equation are presented. This equation is affected by two modeling errors related to the presence of a vortex sheet at the flow discontinuity that would require the use of jump conditions [16, chap. 1] to ensure the continuity of the particle displacement across a direction normal to the vortex sheet and the continuity of pressure (Kutta condition), i.e.:
wheren andτ denote unit vectors normal and tangential to the vortex sheet, respectively. Computations are performed using an axi-symmetric discretization of the wave equations and 8−points serendipity quad elements. For the first case (hard-wall), the computational domain extends from −2 to 6 along x and from 0.75 to 4 along r and it is discretized with 883×339 quad elements. The centerbody radius is r 1 = 0.75, the nozzle edge is located at x = 0 and r 0 = 1 and the far-field directivity is computed at a distance r FF = 20 from the axis origin, by performing a Kirchhoff integration upon a cylindrical surface of radius 1. For the second case (soft-wall), the computational domain extends from −4 to 10 along x and from 0.8 to 6.8 along r and it is discretized with 876 × 375 quad elements. The centerbody radius is r 1 = 0.8, the nozzle edge is located at x = 0 and r 0 = 1.2 and the far-field directivity is computed at a distance r FF = 100 from the axis origin, by using a cylindrical surface of radius 1. The results plotted in Fig. (2) show that there is a fairly good agreement between the Opty∂B-Lilley and the WienerHopf solutions, the most significant error occurring in the backward radiation arc, in particular for the soft-wall case. Conversely, the Opty∂B-Howe results tend to overestimate the noise levels, consistently with what observed in Ref. [15] for the no-Kutta solutions.
Case Study: Aft Noise Radiation from a Turbofan
In this section results of sound radiation from a realistic bypass exhaust are presented. This configuration corresponds to an exhaust configuration, known as "short cowl nozzle", used in the EU project CoJEN [17] . For this case, a RANS k − mean-flow computation has been carried out [18] by using the commercial software Fluent . The external Mach number is 0, whereas inflow Mach number at both the bypass and jet inlet sections is 0. (17, 2) . The directivity function Dp of Ref. [14] has been translated into SPL using the relationship SPLD = 20 log Dp +100−20 log(rFF)−10 log(2). far-field SPL directivity is computed at a distance of 100 m from the aft cone vertex. Triangular elements are used for the CAA computations.
As already argued in Ref. [18] , no one of the employed methods is rigorously appropriate for this problem: the second-order equation do not take into account the Kutta-condition at the nozzle edge, whereas the third-order wave model is not appropriate for a mean flow with non-zero axial derivatives. The refraction error of the second-order wave model is almost ineffective at such a high value of the Helmholtz number.
The SPL directivity pattern is shown in Fig. (4) . It can be observed that the modelling incertitude associated with the two wave equations is lower than 2 dB for the first radial mode, and 5 dB for the second radial mode. Results for the third radial mode (not reported) exhibit an incertitude of about 2 dB. Furthermore, the maximum deviation occurs at the backward portion of the radiation arc, where the noise levels are 10 to 15 lower then in the forward radiation arc. In other words, the modelling error at this value of the Helmholtz number has no effect on the overall noise power level. Fig. (5) shows the complex diffraction/refraction pattern of the near field. Finally, Fig. (6) shows the field of the auxiliary variable R that is an indication of the second-order residue. High values of R take place only in the mixing layer, where the second-and third-order wave operators have a different behaviour.
Conclusions and Outlook
Weak formulation of second-and third-order wave operators in frequency domain have been derived and implemented in the CAA code Opty∂B. The third-order FEM model constitutes an original work of the present paper and will be used for future research purposes. A validation of the second-order wave equation in the presence of highly sheared flows has shown that the accuracy of the results achieve reasonably good levels as soon as the acoustic wavelength becomes of the same order as the mean flow variation scale. In the presence of diffracting edges and vortex sheets the second-order equation introduces a modelling error. Future investigations will be carried out in order to quantify the refraction error associated with shear layer of varying thickness in the frequency range of interest for subsonic jet prediction. 
